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Abstract

A method to construct Pfaff Systems whose stability group contains a prescribed Lie group acting
transitively is given. All of such Pfaff systems can be obtained by this method. © 1999 Elsevier
Science B.V. All right reserved

1. Introduction

Let M be a differentiable manifold and w = {w!, ..., @’} aset composed by r differential
1-forms on M. We assume that the dimension of the vector space generated by the values
of the elements of w at any point is independent of that point.

A diffeomorphism, ¢, defined in an open subset, U, of M is said to stabilize w, if there
exist functions (p;. € C°(U) such that

,
oo =) g’
j=1

onU,foralli=1,...,r.

We denote by Est(w) the set composed by the global diffeomorphisms of M that stabilizes
w. Actually Est(w) is a group under composition of diffeomorphisms, which is called the
stability group of w.

The stability group is not, in general, realizable as a (finite dimensional) Lie group acting
on M. In some cases it reduces to the identity element, but in other cases it coincides with
the whole diffeomorphism group.
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Nevertheless, one can consider heuristically as its Lie algebra the set, est(w), composed
by the vector fields whose flow is composed by diffeomorphisms that stabilizes w. Thus
est(w) is composed by the vector fields, X, on M such that

,
Lxo' =) jo!

j=1

foralli=1,...,r,where 1[/]’: € C*(M). The set est(w) is easily seen to be a Lie algebra

under ordinary Lie bracket, and is called the infinitesimal stability algebra of w.

There are two problems related to stability groups which are of some interest:

(a) Given a Pfaff system to determine its stability group, its infinitesimal stability algebra
and some of its properties. One of the properties to be studied is the existence of
subgroups of the stability group, which are realizable as Lie groups acting on M. This
is a problem directly related to the search for finite dimensional Lie subalgebras of
the infinitesimal stability algebra. For example, some properties of the infinitesimal
stability algebra in the case of a contact form have been studied in [12].

(b) Given a Lie group, G, to find a differentiable manifold, M, a Pfaff system on M, w, and
an action of G on M by elements of the stability group of w. This is a classical way to
realize a Lie group. For example, Cartan and Engel have represented the exceptional
Lie groups in this way (cf. [2] (reprinted in [4, pp. 107-132]), [3] (reprinted in [4, pp.
137-287]) and [9]).

The present paper is related to problem (b). In fact we give all solutions corresponding to

the case where the action is transitive, although this is not the case of the cited examples of

Cartan and Engel.

Let us denote by S, the vector subspace of 7, M generated by the values at p € M of
w!, ..., . These subspaces compose a vector subbundle of 7*M, S. The fact that a Lie
group, G, acts on M by elements of Est(w) is equivalent to the fact that the canonical lift
of this action to T*M preserves S (under these circumstances we say that the action of G
stabilizes S).

Conversely, let M be a homogeneous space of G and § a vector subbundle T*M such
that the action of G stabilizes S. Let ¢ be one of the diffeomorphisms associated to elements
of G by the action and {w., ..., @/} be a local section of the principal fibre bundle of the
basis of S defined on an open subset of M, U,, a = 1, 2, such that ¢(U;) = U>, then there
exist functions (pj’.' € C°(U)) such that

.

x i i

¢%=Z%%
j=1

foralli =1, ..., r. In this sense, the pair (M, S) is a “local” solution to our problem. The
solutions to our problem corresponds in the strict sense to the case where this principal fibre
bundle has a global cross-section, i.e. it is trivial.

In Section 4, a method is given to construct local solutions in the aforementioned
sense.
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In Section 5, sufficient conditions are given for the existence of global sections of the
principal fibre bundle of basis of the constructed vector bundle.

The results obtained in Section 3, most of them valid in the non-transitive case, gives
us motivation for the other sections and proves that the construction we made at Section 4
gives all possible local solutions.

Finally, let us say some words about the precedents of this paper.

The subset of Est(w) composed by the elements, ¢, such that p*o' = o' foralli =
I, ..., r, compose a subgroup which we shall denote by Inv(w).

The case where Inv(w) contains a transitive Lie subgroup has been studied in [7], where
the following problem has been solved: if G is a Lie group, to find all homogeneous spaces
of G, M, and Pfaff systems on M, w, with vanishing characteristic system, such that the
diffeomorphisms corresponding to the action are in Inv(w). These Pfaff systems give rise to
principal fibre bundles with connection, whose structural group is abelian. Particular cases
are the homogeneous contact manifolds, which have been studied in many papers. The
most celebrated is perhaps that of Boothby and Wang [1] in which the authors prove that a
simply connected compact homogeneous contact manifold is the total space of a principal
circle bundle over a simply connected Hodge manifold, where the contact form defines a
connection. They also prove that when a simply connected Hodge manifold is given, there
exists a principal circle bundle on it whose total space is a regular contact compact manifold.
These results were slightly improved in [8].

Generalization of these results to non-compact homogeneous contact manifolds and ways
to explicitly construct the homogeneous contact manifolds and the corresponding principal
bundles can be found in [5-7,14]. These fibre bundles with connection given by a contact
form are the starting point of geometric quantization (Kirillov—Kostant-Souriau theory
[11,13]).

2. Notation

General notations concerning differentiable manifolds, tensor fields and fibre bundles are
as in [10], unless otherwise stated.

If G is a Lie group, we denote by G the Lie algebra of left invariant vector fields on G
and by G* the vector space of left invariant 1-forms on G. The identity element of G is
denoted by e.

Given X € G, we denote by X, the right invariant vector field whose value at e coincides
with that of X.

Let us assume that G acts on the left (resp. right) on a differentiable manifold, M. If
g € G, we denote by gy the corresponding diffeomorphism of M. For all X € G we
denote by X, the vector field on M whose flow is given by {Exp(—tX)y: t € R} (resp.
{Exp(t X)as: t € R}). With this notation the map defined by sending each X € G to Xy is
a Lie algebra homomorphism. .

If y(t) is a curve in a manifold, we denote by y (1) its tangent vector at ¢t = 0, unless
otherwise stated.
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3. Homogeneous Pfaff systems whose stability group contains a Lie subgroup

In this paper we call Pfaff system of rank r each pair (p, A), where p : S = M is a vector
bundle of rank r and A : § — T*M is an injective homomorphism of vector bundles over
the identity of M.

We identify S with A(S) by means of A. Thus a local cross-section of p can be considered
as a 1-form on an open subset of M. The map p becomes the restriction of t* to S, where t* is
the canonical map from 7* M onto M, and A becomes the canonical injection of Sinto T* M.

Let ¢ be a diffeomorphism of M. As usual, we denote by (¢~ ")* the diffeomorphism of
T*M given by

(™)) (W) = a(Tyme ™ (v)

forallx e M,a € T)M and v € T,y M.

We say that ¢ stabilizes § if (@™ H*$) =S.

The set composed by the diffeomorphisms of M that stabilizes S is a group under the
usual composition of maps that is called the stability group of S.

We denote by BS(M, GL(r, R)) the principal fibre bundle of the basis of S.

BS is composed by (a!, ..., a") such that the o are linearly independent elements of
some fibre of p. If U is an open set of M and w', ..., o are differentiable sections of p
defined in U whose values at each point are linearly independent, then

1

(@, ..., 0" xeUm (@ (),..., 0 x))

is a differentiable section of this principal fibre bundle, which is denoted by
U, (@', ..., 0").
The bundle action of GL(r, R) on the right on BS is given by

(@, ...,a)xL=(@",....8"),

where
,
p=2 Lia',
j=1

i=1,...,r, L{ being the element of L in row j, column i (( j, i) entry).

The bundle projection is denoted by Bp : BS— M. We have Bp(a',...,a") = x if
p(ai) =x,i=1,...,r.

Let ¢ be a diffeomorphism of M that stabilizes S. We define

ess: @', ... &) e BS> (o H*!, ..., (¢~ H*a") € BS.

@ps is an automorphism of the principal fibre bundle BS(M; GL(r, R)), i.e. it is a diffeo-
morphism of BS that commutes with the bundle action.

The following lemma is more or less obvious and is equivalent to a result that has been
used in Section 1.
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Lemma 3.1. Let ¢ be a diffeomorphism of M. The following conditions are equivalent:

(i) @ stabilizes S.

(ii) For all sections (U,, (w",, o), a =1, 2, such that o(Uy) = Us, there exist
Sfunctions F/’ € C*®(U,) such thar

,_
el = Y. Fiol
j=1

foralli=1,..., r.

Let G be a Lie group acting on the left on M by diffeomorphisms that stabilizes S.
These diffeomorphisms compose a subgroup of the stability group that admits a Lie group
structure: it is isomorphic to the quotient of G by the closed normal subgroup of G com-
posed by the elements whose corresponding diffeomorphisms are the identity. Under these
circumstances, we say that G is a stability subgroup of S. If the action is transitive we say
that G is a transitive stability subgroup of §.

The map defined by sending each g € G to the diffeomorphism (g;/)* of T*M is an
action on the left and so is the map that associates to each g € G the restriction of ( g;/ )
to S (differentiability of the action follows from the fact that A is an embedding). In a
similar way, the map defined by sending g € G to (gum)gs 1s an action on the left on
BS. In what follows, we denote (gas) gs simply by ggs and the restriction of ( g;,,l Y to S
by gs.

In BS the canonical 1-form with values in R”, Q, is defined by means of

Qgt oy v =" T gyBo V)o@ (Tt oy Bp - 1))
forall (@',....a") € BS, v € Ty, 4 BS.
If (w',..., ") is a differentiable cross-section of Bp defined in an open subset, U, of

M, we define differentiable functions in Bp~'(U) , w;., by means of

p
il L i
2:60./'((1(""’Cl()wB,o(arI ..... a’)——a
j=I
forall (&'....,a") € Bp~ (V).
Since the w}. (!, ..., a”) are the components of the elements of a basis in another basis,
the matrix whose entries are w; (e, ..., aNis non-singular. In the next pages we will refer

to this fact by saying that (w;) takes its values in GL(r, R).

Lemma 3.2. In Bp~'(U) we have

r r
Q= Zw}(Bp)*wf,...,ijr- (Bp)*w’
j=1

j=I
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Proof. Let (o',...,a") € Bo~'(U)and v € T oryBS.Then, foralli =1,...,r, we
have
> wli(Bp) e v=Y @ dNop o Tl e Bo )
j=1 (al ..... a’) Jj=1

= ai(T(a| ’_mar)Bp - v)

and the result follows. O
In the following we denote by ', ..., Q' the components of €.
Proposition 3.3. Let A be a diffeomorphism of M that stabilizes S. Then A} (Q = Q.

Proof. If (¢',...,a") € BSand v € T,

(A)'I;AS“Ql)(czl ..... a’) 'U=QIABS(C’I _____

.....

..........

.....

Let A= (a!,...,a") € BS and a = Bp(A). We denote by G 4 (resp. G,) the isotropy
subgroup at A (resp. a) of the action of G on BS (resp. M).

If g € G4, gps(A) is also a basis of the fibre of S at a, so that there exists an unique
s(g) € GL(r; R) suchthat gps(A) = Axs(g). As aconsequence of the fact that the action
of G commutes with the bundle action, one sees that the map s defined by sending g € G,
to s(g) is a representation of G,. G4 is the kernel of this representation so that it is an
invariant subgroup of G,, and G,/ G 4 is isomorphic to s(G,).

Let a (resp. A) be the map from G onto M (resp. BS) defined by sending g to gy (a)
(resp. gps(A)). _

As a consequence of Preposition 3.3 the 1-forms ' are invariant under the action of
G so that the forms A*Q are left invariant 1-forms on G. The subset of G* composed
by these 1-forms is denoted by Q. Now we introduce some notation concerning subsets
of G*.

Let P be any subset of G* and (P) the vector subspace it generates. We define:

Gp={ge€G: Ad;a=a, Ya € P}
Fp={g € G: Adza € (P), Ya € P}
Gp={X€G: ixde =0, Va € P)
Fp={X€eG:ixda € (P), Ya € P}
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Np={Xe€Gp:ixa=0, Ya € P}
Hp={XeFp ixa=0, Ya € P)

We obviouslyhave Np C Gp C Fpand Np C Hp C Fp.

Proposition 3.4. The sets Np, Hp, Gp and Fp are Lie subalgebras of G, moreover,
Np,Hpand Gp are ideals of Fp, N p is an ideal of G p and G p /N p is an abelian. The
sets G p and Fp are closed subgroups of G whose Lie algebras are G  and F p.

Proof. Since N p, Hp, Gp and F p are vector subspaces of G , it suffices to prove that
(Fp, FplCFp, [Fp,Hpl CHp,and [Gp, Fp] C Np.

Let feFp, geGpanda € P.

Forall 8 € G*, X € G wehave Lx8 = ix dB. Then

ilg.r1de = Lig fjo¢ = LgLya — Ly Lo

and this is the zero 1-form since L, vanishes on the elements of {P).
Moreover,

i[g_“a = Lgi./'a - ingoz

vanishes since iro is constant and Lo = 0.

This proves that [Gp, Fp]l C Np. The proofs that [Fp, Fp] C Fp and [Fp, Hpl C
H p are similar.

For each « € P let us consider the isotropy subgroup at ¢ corresponding to the action
of G on G* defined by the coadjoint representation. Each one of these subgroups of G is
closed and its intersection coincides with G p. It follows that G p is a closed subgroup.

The subset Fp of G is composed by the g such that Ad; invaries (P). It is thus obvious
that Fp is a subgroup of G. The fact of Fp being closed can be derived as follows.

Let L = {«', ..., «") be a maximal linearly independent subset of P. Then L is a basis
of (P).Complete L to abasis, B = {a!, ..., a" g™+ ..., B"} of G*. Then Fp is composed
by the g € G such that the entries (i, j) of the matrix of Ad; in the basis B are 0 whenever
i=r+1,....n,j=1,...,r This proves that Fp is closed.

Let us denote by (P}, the subspace of G composed by the X such that «(X) = 0 for
all @ in (P).

The Lie algebra of Fp, Fp is composed by the X € G such that ExptX € Fp, ie.
AdExtha € (P)foralla € (P),t € R.

Thus X € Fp if and only if for all @ € (P) and Y € (P), we have
0 = Adg,,, x@(Y) = a(Adexp—rx)(Y)) = a(Explad(—t X))(Y)) = a(e™" 4y (y)).

As a consequence, the elements of Fp are the X such that e~ adx gstabilizes (P)~. This
condition is obviously equivalent to the fact that ady stabilizes (P)~.
On the other hand, we have X € F, if and only if

O0=ixda(Y)=da(X,Y) = (Y, X]) = —a(adx (Y))
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foralla € (P)and Y € (P)L. Thus Fp is, like Fp, composed by the X such that adx
stabilizes (P)L.

To prove that the Lie algebra of G p is G p one can use similar arguments, or proceed as
follows.

For all € G* and X € G we have AdExera = (Rexprx)*a, and since the flow of X
is {Rexp:x: T € R}, it follows that

R} Lyo = —d—(R *a = — Adf
ExprxLx¢ = dt ExptX) @ = dr Expt X%

Since the Lie algebra of G p is composed by the X € G such that AdExp ,x@ = a for all
a € (P), t € R, it follows from the preceding formula that it coincides with Gp. O

Now, we return to the consideration of the set Q = {A*Q] . ARQT)
Let X : U— G be alocal cross-section of a defined in an open neighborhood of a.

Lemma 3.5. We have

AoT = (T*A*Q!, ... =*A*Q").

Proof. First, notice that if @ = (wl, ..., ") is alocal cross-section of Bp, we have
o*Q = o

foralli =1, ..., r.Infact, for all p in the domain of @ and v € T, M we have

(@*Q)p v =0, (Thw-v) =o' (p)(TupBp o Tyw-v) =o' (p) - v.
Thus, since A o ¥ is a local cross-section of Bp we have
AT = (A0 D)*Q = (Ao XY
and the result follows. O

Corollary 3.6. The subset Q of G* is linearly independent.

Proof. Let Aq,..., A, € R be such that
D _mareh =0
i=l
Then
r . r .
0=3" (ZM(A*Q’)) =) _M(ErAQ).
i=l i=l1

But, as a consequence of Lemma 3.5, the (X*A* 1), are the elements of the basis ¥ o A(a)
of p~(a). It follows that A’ =0 foralli =1,...,r. O
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Since the (X* A*Qi )a> compose a basis of /o”1 (a), we can state for future reference the
following result.

Corollary 3.7. We have
,0_]((1) = {(Z%0).: 0 € (Q)}.

Also we have the following proposition.

Proposition 3.8. The isotropy subgroup at a, G, is a Lie subgroup of Fp whose Lie
algebra is contained in H (. The isotropy subgroup at A, G a, is a closed invariant Lie
subgroup of G, N G whose Lie algebra is contained in Ng.

Proof. Letge G,, Y e Gandi € {l,...,r}. Then we have g o R, = g and
Ad;(A*Q) Y = RIA™Q Y = (Ao R)" Qe - Yo
=Q 4(T(AoRy)-Ye)
= (gy ) & (Type)Bo o Te(Ao Ry) - Yo)

.
=) s/ (@)ed (Ty(Bpo A) o T.R; - Y.)
j=I

=Y sl(@)al(Tao TRy - Y) =Y 5/ (8)a) (Tol@o Ry) - Yo)
j=1 j=

=Y s/ (@) (Ta - Ye)

J=l

where s,tj (g) is the (j, i) entry of s(g).
If we take g = e in this formula, we obtain

o (Toa - Y,) = A*Q - Y,

so that
AdL(A*Q) Y = Zsij(g)_é*ﬂj Y= slae ] v
Jj=1 j=I

This proves that G, C Fp. '

Now, we must prove that A*Q' -v=0foralli =1,...,r,v e G,.

Let £ : U—G be a local cross-section of g, where U is an open neighborhood of 4,
and let h : U—>G, be a C*™ map such that h(a) = e. The map ¥’ : U—G given by
¥'(#) = Z(u) h(u) is also a section of a. As a consequence of Lemma 3.5,

(Z*A*Q), ... (T*A* Q) = Ao T/ (a)
=AoX() = (Z*A*Q ), ... (Z*A*Q).)
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Now, let y () be a differentiable curve in M such that y (0) = a. Then we have
& a2, (vO)
= U2z (STOHRGD))
= @)z (TGO + Llsw (RGD))
= @50 (TOO) + (s @) (k)

= (A2 () + (42, (YB).

It follows that (h*A*Qi)a (y(t)) = (0, ie. (h*_A*Qi)a = (. This relation, for & an

arbitrary differentiable function with values in G, such that 4(a) = e, imply A*Q! lg, =0,
ie.Ga C Hy. o

We already know that G 4 is a closed invariant subgroup of G,. If g € G4 we have
Ao Ry = A. Then AdA*Q' = RJA*Q' = A*Q' sothat g € Gp. Therefore, G4 C
G,NGp,and as a consequence, G4 CHpNGp=Np. O

To end this section, let us assume that G is a transitive stability subgroup. As a conse-
quence of Proposition 3.8 and Corollary 3.7 we see that there exist a subset of G*, P, and
a closed subgroup of Fp whose Lie algebra is in H p, H, such that
e M is, up to an equivariant diffeomorphism, G/H.

e The fibre of Sat p € G/H is {(X*0), : 0 € {P)}, where X is a local cross-section of

the canonical map from G onto G/ H, defined in a neighborhood of p.

In the next section, we prove that any pair (P, H) as above leads to a Pfaff system
admitting G as a transitive stability subgroup.

4. Construction of Pfaff systems with a given transitive stability subgroup

Let G be a Lie group, P a subset of G*, {o'!, ..., ¢"} a maximal linearly independent
subset of P and H aclosed subgroup of Fp whose Lie algebra, H, is contained in H ,. We
denote by my : G—G/H the canonical map.

Let p € G/H and ¥ alocal cross-section of 7y defined in a neighborhood of p. Let us
denote by S, the set composed by the *o such that o € (P).

Lemma 4.1. The set S, does not depend on L.

Proof. Let X’ be another section of 7y defined in a neighborhood of p. In the intersection
of the domains of X and X/, U, there exist a uniquely defined differentiable function with
values in H , k, such that £’'(q) = X(q)h(q) forallg € U.
We shall prove that
(Z*0), = (Z*(Ad;(p)a)),, 4.1)

for all 0 € (P).
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This equation can be used to prove the lemma as follows. Since h(p) € H C Fp,
Eq. (4.1) entails

{(Z"0)p: 0 € (P)} C {(E%0)p: 0 € (P)).

One thus sees that the sets are equal by interchanging the roles of £ and X".
In order to prove (4.1) we consider a differentiable curve in M, y (¢) such that y (0) = p.
The following computations are more or less straightforward.

(%), (v0) = oz (T
= oz (SFORG )
= OT(ph(p) (Tthz(m (W) + Ts(pyRiepy (W))
= Ly (@i (RGO + (Rl )z (S 0)
= o) (R @) + Adi oz (1,5 - @)

= Oh(p) (W) + (Z7(Ad;)0))p (W)

and (4.1) follows from the fact that h(y‘(t)) is tangent to H, so that the corresponding left
invariant vector field is in H and ¢ vanisheson H. O

Lemma 4.2, We havedim S, =r forall p € G/H.

Proof. Since ((Z*c"! Yps-- . (E%0") ) is a set of generators of S, it suffices to prove that
they are linearly independent.
Let A!,..., A" € Rbesuchthat " /_, A'(Z*0), = 0. Then Z*(3_/_, A'o'), = 0,

so that Y7, A'c’ vanishes on T, X (7,(G/H)). But the tangent space of G at Z(p) is a
direct sum of 7, £(7,(G/H)) and the tangent space at X (p) to the submanifold X (p)H,
which is given by the values at X (p) of the left invariant vector fields contained in H. Since
Si_ Ao’ vanishes on H, it follows that (3"/_; A'o")x(p) = 0. Then }_/_, Alo’ = 0, so
that A' =0,i=1,...,r. O

Let § = {J peG/H Sp and let p be the restriction to § of the canonical projection of
T*(G/H)onto G/H.

Each local cross-section, £ : U— G, of ryy , givesrise toaset of sections of p, {Z*a ! . ..,
Y *o¢"}, defined on U. Thus we define

-
Wt (p, A7) eU xR =Y A (Era), e p” (V).
i=1
There exists an unique topology and an unique differentiable structure on S such that all
the Wy are diffeomorphisms onto its image. When one considers on § this differentiable
structure, p becomes a vector bundle, having the Wy as trivializations.
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Now let us denote by A the canonical injection of S into 7*(G/H). Since each T*olisa
differentiable section of t*, it follows that A o Wy is differentiable so that A| -1y, is C*°.
Then A is C*° and thus an injective homomorphism of vector bundles.

Finally, let us see that the diffeomorphisms of G/H associated to the canonical action
stabilizes §.

Letg € G,o € (P), (U, X)beasectionof 7y and p € U. Then, we have

(86,1 (T 0)p = (T 0 851) 0 ecyu(p
_ —1
=({(Xo gG/lH)*L:U)gG/H(P) =({(LgoXo gG/H)*a)gG/H(P)’

and since Ly 0 X o ga/l g 18 also a section of 7y, it follows that

((LgoXo g(_;/lH)*U)gG/H(P)

isin S.

5. Case where the Pfaff system is given by globally defined forms

Let (p, A) be a Pfaff system generated in the way explained in the preceding section, by
a subset, P, of G* and a closed subgroup, H, of F , whose Lie algebra, H , is contained in
Hp.

This Pfaff system can be obtained from a set of r globally defined 1-forms, as indicated in
Section 1, if and only if the principal fibre bundle of the basis of § admits a globally defined
differentiable cross-section. In fact, if (w!, ..., »") isa global differentiable cross-section
of Bp , forall g € G, the 1-form g¢; / Ha)i is a section of p so that there exist differentiable

functions, g;., on G/ H such that

,
gome’ =2 8’
j=l1
foralli =1,...,r. The converse is trivial.

In what follows all cross-sections and functions are supposed to be differentiable unless
otherwise stated.

A sufficient condition for the existence of a global cross-section of Bp is the existence
of a global cross-section of 7. In fact, if £ : G/H— G is a global cross-section of 7y,
(X*a!,..., T*0") is a global cross-section of Bp. In Proposition 5.2 we give a weaker
sufficient condition.

Let A € Bp"(H ). We have seen in Section 3 that the isotropy subgroup at A, G4, is
a normal subgroup of the isotropy subgroup at H, H. Hence (G/G4)(G/H, H/G,)isa
principal fibre bundle. The bundle projection is the map

Ty :8Ga€G/Ga—>g HeG/H.

In the same way as in Section 3, we define a representation, s4, of H in GL (r, R) by means
of hps(A) = Axsa(h)forall h € H and we see that G 4 is the kernel of this representation.
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Thus 54 defines, in the well-known way, an injective homomorphism, s, from H/G 4 into
GL(r, R).
Let é be the canonical immersion

é 4 GA € G/GA—>g35(A) € BS.
Lemma 5.1. The pair (A, s) is an injective homomorphism of principal fibre bundles.

Proof. We only need to prove thaté(gGA *hG ) = A(gGa)*s(hG 4) for allge G, he
H, where » means the action of the corresponding structural group in each side. But we
have

A(gGa » hGa)=A(ghGy) = (gh)ps(A) = A * 54(gh)
=(A » 54(8)) * sa(h) = (gps(A)) * s(h G4)
=A(g Ga) » s(h Gy). O

As a consequence, the existence of global sections of 7y entails the existence of global
sections of Bp. _—

In Proposition 5.2 we use this fact to give a sufficient condition that can be stated
directly in terms of the given data P and H, and needs no choice of a basis, A, in
Bp ' (H).

There exists another representation of H in G L(r, R) associated to each maximal linearly
independent subset of P. In fact, if B = (¢!, ..., 0”) is a maximal linearly independent
subset of P and h € H, there exists (kB)j(h) € R such that

Adj(e") =Y kp)] (W) o

J=l1

foralli = 1,...,r. Then, if we denote by kg (h) the matrix whose (/, i) entry is (kB),j (h),
the map, kg, defined by sending h to kg(h) is a representation.

Proposition 5.2. If the canonical map from G/Kerkg onto G/H has a global cross-
section, then the Pfaff system determined by P and H can be given by globally defined
1-forms.

Proof. Let T : U— G be a local cross-section of g such that £(H) = e, where U is an
open neighborhood of H, and let B as above. Let us denote (Z*c Dy, ... (T*aHy) €
Bp~'(H) by A.

We only need to prove that s4 = k5.

Leth € H- ThemapLpyoXo ha}H is a section of 7y definedin hg,y (U), which is an
open neighborhood of H. Let U’ = U Nhg,u(U) and let f be the function with values in
H such that &' = T f (see the Proof of Lemma 4.1). We have

fHY=SH) fH)=S(H)=hZh 'H) =h
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Thus formula (4.1) tells us that
(Z™0" ) n = (T*(Ad} )0 NH = (E*(Adjo )y (5.1)

and we obtain

(hgh ) (B o) = (X0 = (T (Adjo Du = Y (k)] (W) (B o).
j=1

Then we have
Axkp(h) = ((hgy )" (E* oV, (g ) (2 0 )w) = hs(A)

sothat spy(h) =kg(h). O
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